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suMdARY

A stabillty-tE! iS mde of 1X fbt ZWCtSU@= pht-
subjectedtobothshearandcompressiveloads. The edge6of the PM*S
are takentobesimplysupportedandtheplates=e s~ortedalongone
ortwoIntermediatelongitudinalllqesby13nesofdeflecttonalsprings
(elastic13nesmorts). Theresultsoftheanalysisarepresentedin

● iheformofchartsthatare
kad ofphteS stiffenedby

.

useful inthedeterminationofthebuckling
stringersorwebs.

INTRODUCTION

A problemfrequentl.yencounteredInthedesignofaircraftstruc-
turesinvolvesthedeterminationoftheshearandcompressivestresses
thata stiffenedplatecansustainwithoutbuckling.DesignInformation
is available(refs.1 to3) onthestressesattainableIna stiffened
platebeforetheonsetofWcklingduetoeithera shearor a compressive
loading;butllttleinformationisavail.ableonthestressesattainable
inplatessub~ectidtocombtnedshearandcompressiveloadlngs.Flat
Sil@J sqportedI’eCt=@kr platesstiffenedbyoneormorelongitudi-
nalstiffenerswereanalyzedinreference1 fora shearlmdlngandIn
reference2 fora c~ressivsloading.!Dmpresentpapertreatsthe
caseofuombinedshearandcompressiveloadingsonlmg simplysupported
platesstiffenedbyoneortwolongitudinalstiffeners.

Intheanalysesofreferences1 and2,stiffenersareMealizedas
&em colmnswhosesupporttotheplatecanlx~ressedintermsofthe
ma andmcmentofInertiaofthestiffenersandthewavelengthofthe
buckles. Practicalconstruction,however,ofteninvolvesstiffening
memberswhosesupporttotheplatecannotbedescribedbythesepsxaeters.

■ Reference3, therefore,presentsa stabilltyanalysisofstiffenedplates

●

.
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incompressionintermsofa “generalizedsupportstiffnessparemter”
whichpermitstheinclusionofcross-sectionalandshearingdistortions

●

ofthestiffeningmemberInanevaluationofthssupportofferedthe
plate. Thestablldtycriteriaofthepre’sentInvestigationarepresented
intermofthisgeneralizedparameter.

#
Thechartsgivenaresimilarto

thoseofreference3 andextendportionsofthatworktoIncludethe
additionofsheaxloadings.

sYmoIa

A, B

A/bt

c

kc
.

Nx

‘w
n

coefficientsdefiningamplitudeofsupportdeflection

stringerarearatio

Fouriercoefficients

widthofbaybetweensupportlines

ratioofaveragestressInstringerh averagestressin
plate

plateflexursJ.stiffnessperunitwidth, =3
12(1-W2)

Young’smodulusofelasticity

bendingstiffnessratio

“coefficient

nondimensionalcompressivebuckling-loadmefficlent,
Nx#

SC%
N=b2nondbensionalshearbuckllng-loadcoefficient,
at2D

caupressiveloadperunitwidthrequiredtocausebuckling

shearloadperunitwidthrequiredtocausebuckling

integer

.

—
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w

x, y

energyparameter

thickness ofplate

strainenergyofdeformatim

workofex&nmalforces

deflectionnormaltoplaneofplate

coordinateaxesinlengthandwidthdirectionsofplate,
respectively

WW= multipliers

lengthofbuckles

Poisson’8 ratio

deflectlonalstiffnessperunitlengthofs~ort

nondimensionaldeflectionrestraintparameter

STATEMENTOFPRORLEM

Thestructuralconfigurationsanalyzedhereinareshowninfigure1.
Theyrepresentlongslmpl.ysupportedplateswhicharestiffenedbyoneor
twolongitudinalstringersorfull-depthwebsandwhicharesubdectedto
shearandc~ressiveloads.Thestringersorwebs(shownassprings)
providesupporttotheplatewhichissimulatedforthebucklingmode
consideredhereinbylinesofspringswithdeflectlonalstiffnessper
unitlength*. Themodeofinstabilitythatisofinterestisonein
whichtheInte?nnediatesqportg(linesofspringsinfIg.1)deflectas
theplatebucklesIntoa seriesofskewedtroughsandcrests.

Theuseof13nesofreflectionalspringstosimulatethesupport
providedbylongitudinalstringersandfull-depthwebsIsdiscussedin
reference3 andutilizedInreferences3 to5 to predictthebehaviorof
aircraftstructures.Reference3 alsogivestheeffectlw! springstiff-
nessofstringersandwebsintermsofthebucklelength,thestress
level,andgemtricalpropertiesofthosememt=s.@ anexauqle,the
effectivespringstiffnessofa longitudinalstringerwitha sturdycross
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henceonewhosereflectionalstiffnessisdefinedbyele-
theory)isgivenbythefollwlngexpression:

(1)

b3inequation(1)isgivenThenondinwlsional spring stiffness %fiD
intime ofnondimensionalparameterscomonlyemployedinstability
_ses ofstif+~dP~~S. ~ of-se x==e~rs ~ ‘*$isa ~t~~ .
oftheothersa~aringontheright-handsideoftheequation.(See

ref.6. ) Correspondingexpressionsfor $b2
3

areavailableInreferences3
Yl

to ~ for casesinwhichthedistortionsofattachmentflangesofsupporting
menkersplay an ImpyAant role in detennlnbg theireffectivespringstiff-
ness.Thereaderisreferredtothesereferencesfordetaileddiscussion
ofthisandrelatedproblemsInevaluationofsupportstiffnesses.For
slmpllclty,equation(1)isusedindiscussingappllcat+nsoftheresults
presentedherein.

●

RESULTS
.

Stabllltycriteriaforthestructuresdepicted.infigure1 =e
derivedintheappendixbythe~ multiplierrwrthod.Thecrite-
rionforthetwo-baystructure(fig.l(a))is Ivenbyequation(A32)
emdthecriterionforthethree-~structure?flg.l(b))IS given .y
equatton(A28).Thenondimensional.parametersap~aringinthesecriteria
arethebuckllngcoefficientskg and ~, thebuckleaspectratio~,

~b3
andthestiffness~-ter —.

fi4D

lhe deflectionfunctionsusedtoderivethestabilitycriteriaare
givenbyequati~ (Al)and(A2g)andhavesynmetryaboutcertainpoints
(thecrestsandtroughsofbuckles)onthelongitudinalcenterlineof
theplate● Solutionofthestabilitycrtterionforthetwo-bayplate
yieldsa singlerwt correspondingtothefirstsymetrlcmde -a half-
Waveacrosstheplate. Solutionofthestabilitycriteriaforthe
Wee -bayplateyieldstworootscorrespondingtothefirsttwosymetrlc
males.However,onlytheresultsforthefirstsymnetricnmdearepre-
sentedbecausethismodeoccursata lowerstresslevelthanthesecond
symmetricmodeandis therefore morelikply tooccurmlessadditional
restraintsareintroducedalongthe.supportlines.
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A rhmledcalcalculations

S~ds ESBtelXl Autcmatlc
~

wereperfomedonthe

Canputertodetemnlne
Y&D

associatedwithassignedvaluesof $, ~, and ~. A typicalsetof
dataIsgivenin table1. Thedatawerereducedsothat,foreachcm-
figurationconsidered,designchartswithoneofthestresscoefficients
heldconstantcouldbeconstructed.Thechartsgive,forconstant
valuesofthesupportstiffness,thesecondstresscoefficientasa
functionofthebucklelengthatwhichbucklingoccurs.Thechartsare
presentedinfigures2 to5.

Two-BayPlats

Theresultsofcalculationsonthetwo-bayplatearsgiveninfig-

LlreS2 and3. Figure2 gives values of ~ intermsof Wb3 ~ ~
3Yc

for ~ heldconstant,andfigure3 gtvesvaluesof ~ Intermsof

p~pfor
● .%

fromthedataof
. Theresults

platesstiffened

~ heldconstant.F3gurez(a)(~ = O)wastaken

reference3.

givenbyfigure3 of reference1 forsimplysupported
bya singlelongitudinalstringercanbeobtainedfrom

thedataoffigure2(a)(~ = O)ofthepresentreport.Thevalueof ~

giveninreference1 fora givenstresslevelisthe~ valueof
3~ obtainedwiththeuseofequation(1)andthecambtnatlonsof ~

.%
and ~ offigure2(a)ofthepresentreportatthestresslevelunder
consideration.

Three-BayPlate

Theresultsofcalculationsonthethree-bayplatearegim in

figures4 andq. Figure4 givesvaluesof ~ Intermsof ~and~
.%

for ~ heldCO=taIIt, and f’@uI= 5 gi=SV&hleSOf ~ intarmsof

$b3@ p for kg baldCcalstant.
&
dataofreferents3. As In reference.

Figure5(a)was takanfromtha

Zacutofftothecurvesis

●
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includedinfigure~(a)becauseabovethis cutoffthe dcmlnantnmde of
instabilitychangesfrm onewhichinvolvesdeflectionsofs~portto
oneinwhichbuckllngtakesplacewithnbdeflectionoftheswports
(localbuckllngineachbay).Thecurvesdeterminedbythepresent
~sis areshownasbrokenlinesabovethecutoffinordertoprovide
informationnecessaryfortbesolutionofproblemsinW neighborhood
of* cutoff.h amannersimilartothatforthetwo-bayplate,the
dataofthepresentreport(fig.4(8)andeq.(1))canbeusedtoobtain
thecurveforthethree-bayplategivenbyfigure3 of reference1.

Thechartsoffigures2 to5 weredesignedtobeapplicableto
. plateslongenoughtoaccctmnodateseveralbucklesbutcanbeappMed

withreasonableaccuracytoproblemsinvolvingplateswhichbucklein
asfewaatwoorthreebuckles.Iheiruseonshorterplatesgivescon-

—

Servativeresults● Thedegreeofconservatismmaybelargeorsm311
dependingupontheproblemunderconsideratica.M thecaseofrectan-
gularplatessub~ectedtocompressiveloads,theplateisterminatedby
ribswhichcontactW plateona linethatisalsoa naturalnodalline
ofthebuckledplate,andtheresultsobtainedfrcmthecharts- exact.
Platisstit&nedbysturdylongitudinalstringersandchordwlseribs ●

usuallydevelopbuckleswhoselmgthIslargeincomparisonwiththe
widthoftheplateastillbedemonstratedlater.Theribspacingfor
thesestructuresmy besuchthattheplatebucklesintoa singlehalf-

● —

wavebetweenribs,anduseofthechartswillgiveconservativeresults
exceptinthecaseofa pureccqpresstveI.oaddng.Platesstiffenedby
stringersorwebswhichdonotbehaveassturdystringersoftendevelop
buckleswhoselengthisoftheorderoft- platewidth.TIMchartscan
be usedforthesestructureswithgoodresultsbcauseribsareusually
severalplatewidthsapart. m degree of conservatismmaybe lRrge,
however,forplateswithsmallribspacingswhicharesub~ectedtoshear
stresses.Forinstate,asanextreme~le, Iftheshearbuckling
coefficientfora siqpl.y,supportedsquareplateisobtainedfromthe.

h b>
c= presentedhereinfrcnnfig.2(a)tith ~=2 and

%
=Oorfmnll

\ %

)- $bz . 0 , a value of 5.5 is obtainedafterfig.4(a)with P = 3 and —
.%

thevaluesof ~ readfrom--f&es2(a)andA(a)aremultipliedby 22
and32, respectively,toconvertthemtobuckl.tngcoefficientsinwhich
theplatewidthb isthedistancebetweentheshplysupportededges.
Thecorrectvalueforthiscaseis9.3. M differencebetweenthese
twonmbersreflectstheeffectofrestraintonthebuckleshapenear
theendsoftheplate.
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●
~ app~cationofthechartspresentedhereinisgivenin figures6

sad 7 whereInteractioncurvesfortwo-bayandthree-heyplatesstiffened
byStwdylongitudinalstringersofparticularproportionsarepresented.

~ Thecurvesweredrawnwiththeuseoffigdres2 to5 andequation (l).
!l!hed18continultiesintheinteractioncurvesresultfroma changeInthe
modeofinstabilityanalogoustothechangeInmoderesponsibleforthe
cutoffinfigure5(a). ~ wper sectionofa givencurve(curvefor
constantE

3
~ correspondstoa modeofinstabill@inwhich~thes~orts

deflect withtheplate.Thelowersection(frcmref.7) correspondstoa
modeofInstabilitytnwhichbuckllngtakesplacewtthoutdeflectionof

.

thesupports.Thus,frcmsuchcurves,themodeofInstabllltyandthe
combinationofshearandcompressivestressesthatcanbecsxriedbyan
infinitelylonglongitudinallysttffenedplatecanbedetemmheddtrectly.

Anotherapplicationofthedesignchartspresentedhereinisgiven
infigure8 wherethedataoffigure2(a)arepresentedinanalternate
formwhichillustratestheMhaviorofplatesstiffenedbysturdylongl.-
tudinalstringers.!D13resultsshownfortheparticularcaseofa two-
W P~te l~dedinshe=~ qtii-tiwlysimilartothoseforplates
withtwoormorebaysloadedIncompressionorincompressionandshear.
Whenthebendingsttffhessofthelongitudinalstringeriszero(thatis,
thestringerisInactiveornonexistent),theplatebucklesasa simply
supportedplateat ~ = 1.33 and p = 2.4. Thecorrespondingcritical
stressendbucklelengthcheckthosefoundinotherinvestigations
(ref.8, forexample).A8thebendingstiffnessofthestringeris
increased,thecriticalstressandwavelengthincrease.Finally,In
thtsprocessa valueof ~ ~ befound(=1,750)SOth8tthePkte mS,y
buckleintoeitheroftwomodeswithvaluesof P thatdifferbya fac-
torofabout10fortheparticularcaseconsidered.Forlargervalues
of ~, theplatebucklesattheshorterwavelengthatvaluesof ~

wblchapprodmatethoseccmputedfora plates~l.ysqpportedatthe
stringer.h thecomparableproblemfora two-tayplateloadedtncom-
pression,thebucklingcoefficientforthedeflectionfunctionused
approximatesthatofa plateclampedatthestringerwhenthebending
stiffnessofthestringerislargesothattheplatebucklesatthe
shorterwavelengths.

Furtherapplicationsofchartslikethosepresentedhereinarepre-
sentedinconsiderabledetailInreference3.
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CONCLUDINGmdARKs

Designchartshavwbeenpresentedwhichevaluatethecombination
ofshearandcaupressivestressesrequtredtobucklelongflatslqply
supportedrectanguhrplatesstiffenedbyoneortwoIntemedlatellnes
ofreflectionalsprings(elasticlinesupports).Thechsrtsareappli-
cabletothedetezmlnationofthebucklingloadofpbtesstiffenedby
stringersorwebsofproportionsencomteredinaircraftconstruction.

QeY AeronauticalLaboratory,
NationalAdvisoryCamnltt&mforAeronautics,

IangleyField,Va.,Septembern, 1957.
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APPmmIx

DERIVATIONCiFSTABIHTYCRITERIA

Stabili@criteriaarederivedbymeansoftheL&grangianmultiplier
methodforthebucklingundercabinedaxialccwpresslonandshearof
thesimplysupportedplateconfigurationsshowninfigure1.

plateof

Three-EayPlate

deflectionfunctionusedtorepresentthebuckledshapeofthe
figurel(b)isgivenbytheseries

* withtheoriginofthecoordinatesas shwninfigure1. Thisdeflection
functioncanprotidethedesiredbuckleshape,butthsrequiredgecmetic
boundsxyconditionsofserodeflectionattheedgesarenotsatisffed
termbyterm.Therequiredcondithns,whichcanbewritten

W(x,o)= w(x,~) = o (A2)

willbeintroducedbymeansofLagran@anmultipliers.

~ deflectionof- first1= ofdeflectio~lspfi%s wb c-
h representedby

%= Asin~+Bcos~ (&)

Fi-amsymetryconsiderations,thedeflectionofthesecondlineof
reflectionalspringsw~ canberepresatidby

w== Asinz~-Bcosti~
A (A4)

. .

●
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Zheconditionthat the deflectionofthespringsIsequaltoW deflec-
tionoftheplatealongtheattachmentlines

r

Wb(x)=w(x,b) (A5) “

W’b(x)=W(x,’b) (A6)

willalsobeintroducedbymm of Lagran@anmultipliers.

TheInternal energyoftheplate-supportsystemIsthesumofthe
strain energyofbendingoftheplateandtheenergyofthedeflecti.onal
Springs. Thestrainenergyofa plate.ofstiffnessD is .

.

(A7)

whereK isanundeterminedcoefficientthatarisesfromthe“exact”
differentiationoftheseries.Theenergyofthedeflectlonalsprings
whichhavea springconstant~ is

(A&3)

- externalworkiSilltWOp~S . TheworkdonebytheShe-u
forcesNW is
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.

●

●

✎

ccunpressiveforcesNx is

(Ale)
Then

where

@“% isa nondimensionaldeflectimalspringstiffnessp=amter.
%P

Inordertosatisfytheboundaryconditionofzerodeflection
(eq.(A2))andtbscondittonthatthedeflectionofthespringsequals
thedeflectionoftheplate(eqs.(A5) sad(A6)),itisnecessaryto
imposethefolhwlngconstraintrelationships:

E ~=o (Al’)
n=l,3,5, . . .
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Accordingto
b@mlnlmized16

r ~dn~-A=O
n=l,3,5,. . .

n+z,...~3
cos~-B=O (A14)

the Lagrangianmultiplier~thod, the qression to

%(100

Q. 8~3u~+ up
+

-vpT’)-
)

~atn~-A -
XD n=l,3,5,..*

<1

a

)-%L1,$2$ ‘“’)
bncos~-B

1,3,5, . . .
●

where4, +, and % aretheLagranglanmultipliers. .

Theexpressionsfor Q muetM tinlmlzedwtthrespectto ~, ~,
K} A, B, Al, 4/ - ~“ Mlnimizatdonylelde the following
equations:

(n-1, 3, 5,...”=)

*= ’[(’+*)’-’’’l”-=--’

4c00~+A3=0 (n=l,3,5,. ..W)

(JU6)

(A17)
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g=. ~ 24+5Ek+E!K=o
n=l,3,5,...

wa~= E %’OSQQ”B=O3Il?=l,3,5,. . .

13

(u8)

(~9)

(A20)

(Ml)

(A22)

(A23)

Equations(AL6), (A17), (A19),and(A20)ms,ytisolvedfor ~,
% At~ B,r’sPecti~W,m theresultingexpressionssubstituted
intoequations(A18),(l@l),(AZ?),and(A23).Tblssubstitutionresults
inthefollowingsetofsimultaneoushanogeneousequations:

(A24)
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{

w

En=l,3,5,.. .

3Fco
~2
9

ml, ,5,..

CnElln = COB3!)%2-%2 -

where

~=l+qf

%=()l+LL ;22-$%.C
.i?gP*%3

(A%)

m

.

(=’7)
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EwBtlons(A@+)t.a(AZ7), wlwn ccmblned Inta determlnentel. form, field the i’ciUcmlrIS
“-“Stddlim Crita%ul:- --

—

.L...pq--q-$s...- J%..-
r k“~qw-d

-iss.. ~,...w
.~...- ~ v,...
lL..~ L,..- L.,- L../-++

l-l

%=[l+P.&pAsJ-&Ad!J,,,

h fonauing daflsction nulction
f@i21<a) :

.0

Two-my Plate

l~uaedto representtkbuckledshspe aCt&IPla&of

r m

W=mld+ a@.rl~+cllBgf F ~=!?zg
n-l, ,5,... d, ,5,...

.

,

E!
H

ii

(=9)

~

. . .
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~ mltlpllersereueedtointroduceW eondltioned zerodeflectionatW edges ~
oftheplateendtkeM?l~ulallmtiQcaMl&atLMliwofdeflsctlcmofplete- epringeSlcslgthe
atteclmsmt I.lne .

W(x, o) - W’(x,’b) - 0 (Am)

Wb(X) = w(x,b) (Am)

h Intarnelemrgieaand erternd work sre
plateendm, mMmlseawithrespectto* s-
detemlned is

Ixmputedintllesamwwae forth *-bsy
Saeffic!lente . TheStsbillty erlterhm thue

.L..w-’} L...i+%[:w:%]%].L...-
.0

%.lpqq’-t+j’-(a%)’

1 # . a

,, .-. .-
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(b)

Figure1.-Structural”

19
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(a)Onelineof support.

-.
Y

Two linesof s~rt.

co~gurationandloadinginvestigated.
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